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Abstract
The Jordanian deformation of sl(2) bi-algebra structure is studied in view of physical ap-
plications to breaking of conformal symmetry in the high energy asymptotics of scattering.
Representations are formulated in terms of polynomials, generators in terms of differential
operators. The deformed R operator with generic representations is analyzed in spectral
and integral forms.
1 Introduction
In the last decade high-enegy scattering in gauge field theories has become a new area of
application of integrable quantum systems [1, 2]. In several cases the effective interaction
appearing in the Regge and the Bjorken asymptotics of scattering is determined by Hamilto-
nians of integrable chains, where the representations on the sites are infinite-dimensional. In
a number of papers the methods of integrable systems have been reformulated and developed
for the special needs of these new applications, e.g. [3, 4]. They have been applied to the
renormalization of higher twist operators [5, 6]. Integrable structures have been encountered
also in recent studies of composite operators in N = 4 super Yang-Mills theory in the large
NC limit motivated by questions related to the AdS/CFT hypothesis [7, 8] .
In the context of integrable chains with non-compact representations on the sites it is
convenient to consider wave functions describing the states on the sites. In the case of the
1e-mail: karakhan@lx2.yerphi.am
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Bjorken asymptotics the one-site wave function depends on one variable, the position on
the light ray. Conformal transformation of the light ray is the relevant symmetry here, the
underlying Lie algebra is sl(2). Infinitesimal symmetry transformation of the wave functions
act as differential operators.
Owing to these applications solutions of the quantum Yang-Baxter equation (QYBE)
have been studied with generic representations of the symmetry algebras sl(2), sl(2|1) and
the q-deformation of sl(2) [9, 10, 11]. A scheme has been developed relying on known
methods [12, 13, 14, 15] and resulting in formulations suitable for the mentioned applications.
In the present paper we treat along these lines the non-standard or Jordanian (ξ) de-
formation of sl(2). Whereas there is an extensive literature on the standard q deformation
of Lie bi-algebra structure and on its application, the case of ξ- deformation did not at-
tract comparable attention so far, although the related literature is numerous and cannot
be review here. Some early papers concerning this subject are [16, 17, 18, 19, 20, 21, 22, 23].
The concepts of Yangians and of their deformation by twist have been developed by
Drinfeld [24, 25]. The basis commutation relation of ξ deformed sl(2) algebra have been
written first by Ohn [21]. The explicite form of the twist transformation appeared first in
[23, 22]. The twist construction of the deformed Yangian has been described e.g.in [26, 27].
The structure of ξ- deformed representations has been studied e.g. in [28, 29]. Applications
to spin chains have been discussed in [26] and to the modification of space-time structure
e.g. in [30, 31, 32].
From the viewpoint of conformal symmetry representations the ξ deformation of sl(2)
leaves the generator of translation undisturbed but deformes the one of dilatation. This
means momentum conservation holds, whereas scale symmetry is broken. By the deforma-
tion parameter a (length or momentum) scale is introduced. It remains to be investigated
whether the pattern of scale symmetry breaking by ξ deformation, which will be worked
out to some detail here, could be applied to decribe the scale symmetry breaking effects in
gauge field theories.
In the next section we summarize some relevant features of Jordanian deformation of
sl(2) algebraic structure. In section 3 the QYBE with R operators of the fundamental
and generic representations are considered. In section 4 the realization of representations
by polynomials and of generators by differential operators are formulated. Tensor product
representations are formulated in terms of polynomials in section 5. The universal R opertor
in spectral and integral forms is considered in section 6.
2 Algebraic deformations
2.1 Deformations induced by classical Yang-Baxter solutions
We start from Yang’s solution of QYBE with sl(2) symmetry
R(0)(u) = u I + ηP = u
(
I + η r(0)(u)
)
(2.1)
with the corresponding solution of the classical Yang-Baxter equation (CYBE),
r(0)(u) =
1
2u
(I + c2), c2 =
1
2
(S+0 ⊗ S
−
0 + S
−
0 ⊗ S
+
0 + 2S
0
0 ⊗ S
0
0), (2.2)
and the Yangian algebraic structure [25, 24] associated to them. Sa0 are the sl(2) generators
obeying the standard commutation relations,
[S00 , S
±
0 ] = ±S
±
0 , [S
+
0 , S
−
0 ] = 2S
0
0 . (2.3)
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Deformations of this structure are induced by spectral parameter independent solutions
of CYBE. The standard q-deformation is induced by
rq = S
+
0 ⊗ S
−
0 − S
−
0 ⊗ S
+
0 (2.4)
This deformation can be characterized by the deformed generators obeying
[S0q , S
±
q ] = ±S
±
q , [S
+
q , S
−
q ] = [2S
0
q ]q, (2.5)
with the notation [a]q = (q − q
−1)−1(qa − q−a), and the deformed co-products, defined on
them as
∆q(S
±
q ) = S
±
q,1q
S0q,2 + S±q,2q
−S0q,1 , ∆q(S
0
q ) = S
0
q,1 + S
0
q,2, ∆¯q = ∆q−1 . (2.6)
The remarkable feature is here that the co-product for S0 and also the commutators with
it are not changed. From the point of view of representations of conformal symmetry in
1 dimension one can say that the q-deformation preserves dilatation symmetry but the
symmetry of translation and proper-conformal transformations is broken.
The classification of solution of CYBE associated with a simple Lie algebra results in a
classification of possible deformations [33]. In the case of sl(2) there is a further interesting
but not so well studied deformation induced by
rξ = S
0
0 ⊗ S
−
0 − S
−
0 ⊗ S
0
0 , (2.7)
built from the Borel subalgebra B− generated by S
−
0 , S
0
0 . This deformation can be charac-
terized by the deformed generators obeying
[S+ξ , S
−
ξ ] = 2S
0
ξ , [S
0
ξ , S
−
ξ ] = −
1
ξ
sh(ξS−ξ ),
[S0ξ , S
+
ξ ] =
1
2
{ch(ξS−ξ ), S
+
ξ }, (2.8)
and by the co-products defined on them as
∆ξ(S
a
ξ ) = S
a
ξ,12 = S
a
ξ,1e
ξS−
ξ,2 + e−ξS
−
ξ,1Saξ,2, for a = 0,+,
∆ξ(S
−
ξ ) = S
−
ξ,12 = S
−
ξ,1 + S
−
ξ,2, ∆¯ξ = ∆(−ξ). (2.9)
Now the co-products of S− are not changed. In the conformal symmetry representations
S−0 can play the role of the translation generator and one can say that the ξ deformation
preserves translation symmetry whereas the symmetries of dilatation and proper-conformal
transformations are now broken. In this context the deformation parameter ξ has the natural
dimension of length, whereas the deformation paramenter q is dimensionless.
The ξ-deformation of the Casimir operator, i.e. the element of the elveloping algebra
commuting with all Saξ and approaching the sl(2) Casimir operator at ξ → 0, has the form
Cξ =
2
ξ
sh
ξS−ξ
2
S+ξ ch
ξS−ξ
2
+ S0ξ (S
0
ξ + 1) =
2
ξ
ch
ξS−ξ
2
S+ξ sh
ξS−ξ
2
+ S0ξ (S
0
ξ − 1) (2.10)
The commutativity with Saξ and the different forms are checked by using the following
consequences of (2.8),
S0ξ e
αξS− = eαξS
−
ξ
(
S0ξ − αshξS
−
ξ
)
, (2.11)
and
S+ξ e
αξS−
ξ = eαξS
−
ξ
(
S+ξ + 2αξS
0
ξ − 2α
2ξshξS−ξ
)
.
3
2.2 Drinfeld twist
The ξ-deformation can be described relying on a general result by Drinfeld [24].
Notice that rξ ∈ B−⊗B−. There exists an element Fξ in the elveloping algebra U(B−)⊗
U(B−) such that
F 12ξ ((∆0 ⊗ id)Fξ = F
23
ξ (id⊗∆0)Fξ (2.12)
(∆0 is the original co-commutative coproduct) with
Fξ = I ⊗ I + ξrξ +O(ξ
2), (2.13)
and such that the deformed co-product can be written as
∆ξ = Fξ ∆0 F
−1
ξ . (2.14)
If R(0) is a solution of QYBE related to the co-product ∆0 then
R
(ξ)
12 = Fξ,21 R
(0)
12 F
−1
ξ,12 (2.15)
is a solution of QYBE related to ∆ξ, namely
∆ξ R
(ξ) = R(ξ) ∆¯ξ. (2.16)
The twist element of the ξ-deformation of the sl(2) Yangian can be written in terms of
σξ = − ln(I − 2ξS
−
0 )
as
Fξ = exp(S
0
0 ⊗ σξ), Fξ,12 = (1− 2ξS
−
0,2)
−S0
0,1 . (2.17)
Let us verify (2.12). Rewrite the relation in the sense of operators acting on V1 ⊗ V2 ⊗ V3.
Because
(∆⊗ id)F = (1− 2ξS−0,3)
−S0,1−S0,2 ,
(id⊗∆)F = (1− 2ξS−0,2 − 2ξS
−
0,3)
−S0
0,1
(2.12) takes the form
(1− 2ξS−0,3)
S0
0,2(1− 2ξS−0,2)
−S0
0,1(1− 2ξS−0,3)
−S0
0,2(1− 2ξS−0,3)
−S0
0,1 =
(1− 2ξS−0,2 − 2ξS
−
0,3)
−S0
0,1 (2.18)
We notice that
AS
0
0,2S−0,2A
−S0
0,2 = A−1S−0,2,
provided A commutes with S−0,2, therefore
(1− 2ξS−0,3)
S0
0,2(1− 2ξS−0,2)
−S0
0,1(1− 2ξS−0,3)
−S0
0,2 = (1−
2ξS−0,2
1− 2ξS−0,3
)−S
0
0,1 =
(1− 2ξS−0,2 − 2ξS
−
0,3)
−S0
0,1(1− 2ξS−0,3)
S0
0,1 ,
which implies (2.18) and therefore (2.12).
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3 From the fundamental to generic representations
3.1 Fundamental representation R matrix
We label the representations by the conformal weight ℓ, the eigenvalue of S0 of the lowest
weight state in the representation space. The finite-dimensional representations of spin and
angular momentum correspond to negative half-integer and negative integer values of ℓ.
Representing the generators by Pauli matrices,
S+
ξ,− 1
2
= σˆ+ =
(
0 1
1 0
)
, S−
ξ,− 1
2
= σˆ− =
(
0 0
1 0
)
, S0
ξ,− 1
2
=
1
2
σˆ0 =
1
2
(
1 0
0 −1
)
, (3.1)
the effect of the deformation disappears in the commutation relations (2.8) and is only
present in the co-product (2.9). We shall obtain the solution of QYBE in the fundamental
representation V
− 1
2
1 ⊗ V
− 1
2
2 . First we start from the direct implication of (2.16),
R
(ξ)
12 S
a
−ξ,12 = S
a
+ξ,12R
(ξ)
12 . (3.2)
The condition with a = − implies that the 4× 4 matrix representing R has the form
R(ξ) = u


u+ η
r21 u η
r31 η u
r41 r42 r43 u+ η

 .
The up to now unknown matrix elements vanish at ξ = 0 and in this way the undeformed
solution (2.1) is recovered. One of the remaining conditions, a = 0 or a = +, restricts the
ansatz to the solution,
R(ξ),(−
1
2
,− 1
2
) = u


1
−ξ 1
ξ 1
ξ2 −ξ ξ 1

+ η


1
1
1
1

 , (3.3)
and one checks easily that QYBE,
Ra1a2b1b2 (u− v)R
b1a3
c1b3
(u− w)Rb2b3c2c3(v − w) = R
a2a3
b2b3
(v −w)Ra1b3b1c3 (u− w)R
b1b2
c1c2(u− v), (3.4)
is fulfilled.
In the above arguments we did not use the full algebraic information available. Using
the twist relation (2.15) allows to obtain this result easier. In the representation V
− 1
2
1 ⊗V
− 1
2
2
the twist element (2.17) is calculated as
Fξ,12 = (I − 2ξS
−
0,2)
−S0
0,1 = I4×4 + ξ
(
1 0
0 −1
)
⊗
(
0 0
1 0
)
=


1 0 0 0
ξ 1 0 0
0 0 1 0
0 0 −ξ 1

 . (3.5)
Applying the twist relation (2.15),
R
(ξ),(− 1
2
− 1
2
)
12 = Fξ,21 (uI4×4 + ηP4×4) F
−1
ξ,12 = u Fξ,21 F
−1
ξ,12 + ηP, (3.6)
we recover the result (3.3).
5
3.2 Lax operator
We consider QYBE with the representations specified as the fundamental ones, ℓ1 = ℓ2 =
−12 , for the tensor factors 1 and 2 but generic, ℓ3 = ℓ, for the 3rd factor and look for the
expression for R
(ξ)
13 or R
(ξ)
23 as a 2× 2 matrix with the elements being operators in V
ℓ
3 ,
R(ξ),(−
1
2
,ℓ)(u) = L(u) =
(
a b
c d
)
. (3.7)
The a = − component of the symmetry conditions (3.2) in the case ℓ1 = −
1
2 , ℓ2 = ℓ can be
written explicitly as
(
a c
b d
)(
S−ξ 0
1 S−ξ
)
=
(
S−ξ 0
1 S−ξ
)(
a c
b d
)
, (3.8)
and implies
[b, S−ξ ] = 0, [a, S
−
ξ ] = −b, [d, S
−
ξ ] = b, [c, S
−
ξ ] = a− d. (3.9)
We write explicitly also the a = 0 component of (3.2)
(
a c
b d
)(
S0ξ +
1
2e
ξS−
ξ 0
−ξS0ξ S
0
ξ −
1
2e
ξS−
ξ
)
=
(
S0ξ +
1
2e
−ξS−
ξ 0
ξS0ξ S
0
ξ −
1
2e
−ξS−
ξ
)(
a c
b d
)
.
(3.10)
In particular this implies
b(S0ξ −
1
2
eξS
−
ξ ) = (S0ξ +
1
2
e−ξS
−
ξ )b. (3.11)
The first relation of (3.9) implies that b = b(ξS−ξ ) and (3.11) then leads to:
b′(ξS−ξ )
1
ξ
shξS−ξ = b(ξS
−
ξ )
1
ξ
chξSξ−
or b = 1ξ shξS
−
ξ . We have used the relation
F (ξS−ξ )S
0
ξ = S
0
ξF (ξS
−
ξ ) + F
′(ξS−ξ )
1
ξ
shξS−ξ
which follows from the deformed commutation relations and a particular case of of which
is (2.11). With this result for b the remaining relations (3.9) imply a = S0ξ + f(ξS
−
ξ ),
d = −S0ξ + g(ξS
−
ξ ), c = S
+
ξ + x(g − f) + ξh(ξS
−
ξ ), where f , g and h are arbitrary functions
of ξS−ξ and x obeys the condition [x, S
−
ξ ] = −1. The remaining conditions involved in (3.10)
are
a(S0ξ +
1
2
eξS
−
ξ )− ξbS0ξ = (S
0
ξ +
1
2
e−ξS
−
ξ )a,
d(S0ξ −
1
2
eξS
−
ξ ) = ξS0ξ b+ (S
0
ξ −
1
2
e−ξS
−
ξ )d,
c(S0ξ +
1
2
eξS
−
ξ )− ξdS0ξ = (S
0
ξ −
1
2
e−ξS
−
ξ )c+ ξS0ξa,
and we have four further relations
aeξS
−
ξ + bS+ξ = S
+
ξ b+ e
−ξS−
ξ d,
6
aS+ξ − ξbS
+
ξ = S
+
ξ a+ e
−ξS−
ξ c,
ceξS
−
ξ + dS+ = ξS+ξ b+ S
+
ξ d,
cS+ξ − ξdS
+
ξ = S
+
ξ c+ ξS
0
ξ c,
which follow from the a = + component of the symmetry relations (3.2). They are sufficient
to obtain the explicit form of functions f , g and h and this leads to the result for the Lax
operator,
L(ξ)(u) = L(ξ) + ul(ξ), (3.12)
L(ξ) ≡
(
1
2chξS
−
ξ + S
0
ξ
1
ξ shξS
−
ξ
S+ξ
1
2chξS
−
ξ − S
0
ξ
)
, l(ξ) ≡
(
e−ξS
−
ξ 0
2ξS0ξ + ξshξS
−
ξ e
ξS−
ξ
)
.
The resulting Lax operator obeys QYBE in the form
R12(u− v)L1(u)L2(v) = L2(v)L1(u)R12(u− v) (3.13)
due to the intertwining relation with the co-product symbols (2.16, 3.2), and this has been
checked by direct but tedious calculations in the following way. We represent the fundamen-
tal R-matrix (3.3) and Lax operator (3.12) as follows:
Rcdab(u) = (δ1)
c
a(δ2)
d
b − ξ(σ
0
1)
b
a(σ
−
2 )
d
b + ξ(σ
−
1 )
b
a(σ
0
2)
d
b + ξ
2(σ−1 )
b
a(σ
−
2 )
d
b ,
(Li(u))
b
a=(u+
1
2
)chξS−ξ (δi)
b
a+[S
0
ξ−ushξS
−
ξ ](σ
0
i )
b
a+
1
ξ
shξS−ξ (σ
+)ba+[S
+
ξ+uξ(2S
0
ξ+shξS
−
ξ )](σ
−
i )
b
a,
and multiplying Pauli matrices acting in the same space, we obtain on both sides of QYBE
an expansion over terms of the type σa1 ⊗ σ
b
2, a, b = ±, 0 acting in V
− 1
2
1 ⊗ V
− 1
2
2 multiplied
with operators acting in V ℓ3 . Then we check that the operator-valued coefficients of the
corresponding σa1 ⊗ σ
b
2 term on both sides are equal by using the commutation relations
(2.8) of the deformed generators.
We have the alternative option for constructing the Lax operator by the twist relation
(2.15). It reads in the case at hand
L(ξ)(u) = Fξ,21 L
(0)(u) F−1ξ,12, (3.14)
with the well known undeformed Lax operator (with u shifted by 12 )
L(0)(u)=
(
u+ 12 + S
0
0 S
−
0
S+0 u+
1
2 − S
0
0
)
. (3.15)
We write the twist element in the representation ℓ1 = −
1
2 , ℓ2 = ℓ,
Fξ,12 = exp(
1
2
σˆ01 ⊗ σξ,2), e
−σξ,2 = 1− 2ξS−0,2,
Fξ,21 = exp(S
0
0,2 ⊗ σˆξ,1), e
−σξ,1 = I − 2ξσˆ−. (3.16)
Here Pauli matrices σˆa are to be distinguished from the two representations of the operator
σξ. The representation label ℓ on the operators acting in V
ℓ is suppressed and will be written
as an additional subscript if necessary. Now the twist elements can also be written as 2× 2
matrices with elements acting as operators in V ℓ,
F12 =
(
eσξ/2
e−σξ/2
)
=
(
(1− 2ξS−0 )
− 1
2 0
0 (1− 2ξS−0 )
1
2
)
,
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F21 =
(
1 0
2ξS00 1
)
. (3.17)
As the result we obtain the Lax operator in terms of the undeformed generators Sa0 in
the generic representation ℓ,
L(ξ)(u)=
(
(u+ 12 + S
0
0)(1− 2ξS
−
0 )
1
2 S−0 (1− 2ξS0)
− 1
2
[(u+ 12 + S
0
0)2ξS
0
0 + S
+](1 − 2ξS−0 )
1
2 [2ξS00S
−
0 + u+
1
2 − S
0
0 ](1− 2ξS
−
0 )
− 1
2
)
. (3.18)
The comparison of both results (3.12, 3.18) leads to the following expressions of the deformed
generators Saξ in terms of the undeformed ones S
a
0 ,
S−ξ = −
1
2ξ
ln(1− 2ξS−0 ),
S0ξ = S
0
0(1− 2ξS
−
0 )
1
2 −
ξ
2
S−0 (1− 2ξS
−
0 )
− 1
2 ,
S+ξ = [S
+
0 + 2ξS
0
0(S
0
0 +
1
2
)](1 − 2ξS−0 )
1
2 . (3.19)
With these expressions one can prove by direct computation the commutation relations
(2.8) assuming that Sa0 obey the undeformed sl(2) algebra relations (2.3). This calculation
is outlined in Appendix A.
There is another relation of the deformed generators Saξ to the undeformed sl(2) algebra
[29]. The three functions of Saξ ,
S−J =
sh(ξS−ξ )
ξ(ch( ξ2S
−
ξ ))
2
, S0J = S
0
ξ , S
+
J = ch(
ξ
2
S−ξ ) S
+
ξ ch(
ξ
2
S−ξ ), (3.20)
obey the undeformed commutation relations (2.3) (with Sa0 replaced by S
a
J).
3.3 Universal R operator
We consider QYBE for generic ℓ1 and ℓ2 and ℓ3 = −
1
2 . It involves the universal R operator,
R(ξ,ℓ1,ℓ2)(u)12 and R
(ξ,ℓi,−
1
2
)
i3 , i = 1, 2 which can be represented by the Lax matrices just
obtained (3.12),
R
(ξ)
12 (u) L
(ξ)
1 (u+ v) L
(ξ)
2 (v) = L
(ξ)
2 (v)L
(ξ)
1 (u+ v) R
(ξ)
12 (u). (3.21)
The Lax operators involve the generators acting on space 1 or 2 correspondingly in the
representations ℓ1 or ℓ2. This 2 × 2 matrix relation serves as the defining condition for the
universal R operator acting on V ℓ11 ⊗ V
ℓ2
2 . By decomposition in powers of v we obtain three
conditions. The first two,
R12(u)l1l2 = l2l1R12(u), (3.22)
R12(u)(L1l2 + l1L2) = (L2l1 + l2L1)R12(u),
are equivalent to the symmetry relations (3.2), now for generic representations. The third
condition reads
R12(u)KL(u) = KR(u)R12(u),
8
KL(u) = L1L2 +
u
2
(l1L2 − L1l2),
KR(u) = L2L1 +
u
2
(L2l1 − l2L1). (3.23)
The elements of the 2×2 matrices KL/R are operators on V
ℓ1
1 ⊗V
ℓ2
2 and their explicite form
is listed in Appendix B.,
Together with the symmetry conditions (3.2) one of the four conditions involved in the
2× 2 matrix relation (3.23) is sufficient to fix the operator R
(ξ)
12 (u) up to normalization.
From the deformed commutation relations (2.8)) we see that Saξ may be represented in
a form even in the deformation variable ξ. The dependence on ξ is not on even powers only
for the form (3.19) with the Sa0 independent on ξ. For S
a
ξ symmetric in ξ the second term
in Lξ(u) = L(ξ) + ul(ξ) (3.12) is not symmetric with respect to ξ ↔ −ξ. Because
(L(ξ))2 = (Cξ +
1
4
)I, l(−ξ) = (l(ξ))−1, l(ξ)L(ξ) = L(ξ)l(−ξ), (3.24)
we find that
L(−ξ)(−u) = (Cξ +
1
4
− u2) (L(ξ)(u))−1, (3.25)
i.e. on a given irreducible representation the inverse of L(ξ)(u) is proportional to L(−ξ)(−u).
This property holds also for the universal R operator R(ξ,ℓ1,ℓ2) in accordance with the two
forms of QYBE, the above one (3.21) and the following one,
R
(−ξ)
21 (u) L
(−ξ)
2 (u+ v)1 L
(−ξ)
1 (v) = L
(−ξ)
2 (v)L
(−ξ)
2 (u+ v) R
(−ξ)
12 (u). (3.26)
We notice that the Lax operator can be made symmetric in ξ (for symmetric Saξ ) by the
following similarity transformation,
L(ξ)sym(u) = euξS
−
ξ,1 L(ξ)(u) e−uξS
−
ξ,1 =(
1
2chξS
−
ξ + S
0
ξ
1
ξ shξS
−
ξ
S+ξ
1
2chξS
−
ξ − S
0
ξ
)
+ u
(
chξS−ξ 0
(u+ 1)ξshξS−ξ chξS
−
ξ
)
. (3.27)
The resulting matrix operator obeys QYBE with the fundamental representation R matrix
(3.4) as well as the original one. Taking into account that the universal R operator commutes
with S−ξ,1 + S
−
ξ,2 we obtain that
R
(ξ)sym
12 (u) = e
uξS−
ξ R
(ξ)
12 (u) e
−uξS−
ξ , (3.28)
obeys (3.21) with L(ξ) replaced by L(ξ)sym and is therefore symmetric in ξ ↔ −ξ.
4 Representations by polynomials of one variable
Guided by the motivations described in the Introduction we would like to represent the
considered algebras in terms of operators acting on polynomial functions. We consider the
representations with one variable in this section and the tensor product representations
involving two varibles in the next section.
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4.1 Representations of the deformed algebra
Recall that the undeformed generators (2.3) can be represented on functions φ(y) as differ-
ential operators,
S−0,ℓ = ∂y, S
0
0,ℓ =
1
2
(y∂y + ∂yy) + ℓ−
1
2
, S+0,ℓ = −y∂yy − (2ℓ− 1)y. (4.1)
Representations with conformal weight ℓ are spanned by the polynomials
φ
(m)
ℓ (y) = (S
+
0,ℓ)
mφ
(0)
0,ℓ (y), (4.2)
with the lowest weight state represented by φ
(0)
0,ℓ (y) = 1. Up to normalization this basis is
given by the monomials, φ
(m)
ℓ (y) = y
m. In the particular case ℓ = 0 Sa0,0 generate theMo¨bius
transformations of the variable y,
y → y′ =
ay + b
cy + d
.
The deformed generators (2.8) can be represented as
S−ξ,ℓ = ∂x, S
0
0,ℓ =
1
2
(x∂ξx + ∂
ξ
xx) + ℓ−
1
2
, S+ξ,ℓ = −x∂
ξ
xx− (2ℓ− 1)x, (4.3)
where
∂ξx =
1
ξ
sh(ξ∂x).
Substituting these generators into the expression of the Casimir operator (2.10) we confirm
that the restriction of Cξ to the representation with weight ℓ is the identity operator times
ℓ(ℓ− 1).
If we would substitute the representations (4.1) for Sa0,ℓ to (3.19) we would obtain a quite
different representation of the deformed generators in terms of (y, ∂y). That representation
is more complicated. First of all it has the disadvantage that S−ξ,ℓ does not appear as the
infinitesimal translation in y, further, it is not symmetric in ξ. .
The lowest weight states of the deformed representation ℓ obey
S−ξ,ℓ ϕ
(0)
ℓ (x) = 0, S
0
ξ,ℓ ϕ
(0)
ℓ (x) = ℓϕ
(0)
ℓ (x), (4.4)
and they are again represented by the constant functions, ϕ
(0)
ℓ (x) = 1. The basis polynomials
of this representation obeying the eigenvalue condition
S0ξ,ℓ ϕ
(m)
ℓ = (ℓ+m) ϕ
(m)
ℓ (4.5)
cannot be obtained by applying S+ξ,ℓ to the constant. In order to construct these basis
polynomials we consider the van der Jeugt operators SaJ (3.20). Using the representation
(4.3 ) we can write them in terms of the following Heisenberg canonical pair,
XJ = ch(
ξ
2
∂x)xch(
ξ
2
∂x), DJ = (ch(
ξ
2
∂x)
−2∂ξx, [DJ ,XJ ] = 1, (4.6)
in the form
S−J,ℓ = DJ , S
0
J,ℓ =
1
2
(XJDJ +DJXJ) + ℓ−
1
2
, S+J,ℓ = −XJDJXJ − (2ℓ− 1)XJ . (4.7)
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φ
(m)
ℓ (XJ ) span the representation ℓ of the undeformed algebra generated by S
a
J,ℓ. On the
other hand, considering the generators SaJ,ℓ as operators on polynomial functions of x, the
conditions (4.4, 4.5) are equivalent to
S−J,ℓ ϕ
(0)
ℓ (x) = 0, S
0
J,ℓ ϕ
(m)
ℓ (x) = (ℓ+m) ϕ
(m)
ℓ (x), (4.8)
We obtain for the basis polynomials of the deformed representation
ϕ
(m)
ℓ (x) = (S
+
J,ℓ)
m · 1 = const XmJ · 1. (4.9)
The explicite polynomials are obtained by substituting XJ in terms of (x, ∂x) (4.6) and
commuting the differential operators to the right. Specifying the normalization to be such
that the coefficient of the highest power is 1 we have e.g.
ϕ(0) = 1, ϕ(1) = x, ϕ(2) = x2 +
1
4
, ϕ(3) = x3 +
5
4
x, ϕ(4) = x4 +
7
2
x2 +
9
16
,
ϕ(5) = x5 +
15
2
x3 +
89
16
x, ϕ(6) = x6 +
55
4
x4 +
439
16
x2 +
225
64
. (4.10)
The deformed basis polynomials ϕ
(m)
ℓ can be computed by the following rule: Expand
[(2m1 + 1)!!]
2 (
ξ2
4
+ p)m1
in powers of p and substitute for even m = 2m1 + 2,
pk → x
k−1∏
r=−k+1
(x+ rξ)[(2k − 1)!!]−2,
and for odd m = 2m1 + 1
pk →
k∏
r=−k
(x+ rξ)[(2k + 1)!!]−2 (4.11)
The derivation is given in Appendix C.
There is also a generating function for these polynomials
G1(x, t) ≡
∞∑
m=0
tm
m!
ϕ(m)(x) =
(
1 + tξ2
)x
ξ
− 1
2
(
1− tξ2
)x
ξ
+ 1
2
. (4.12)
For a derivation we refer to Appendix C. It can be checked that the generating function
G1(x, t) satisfies the following difference-differential equation,
x
2ξ
(G1(x+ ξ, t)−G1(x− ξ, t)) +
1
4
(G1(x+ ξ, t) +G1(x− ξ, t)− 2G1(x, t)) = t
∂
∂t
G1(x, t),
which is the implication of the eigenvalue condition in (4.8) read as a difference equation for
ϕ
(m)
ℓ .
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4.2 Induced representation
The preferred representation of the deformed generators (4.3), where S−ξ = ∂x is the infinites-
imal translation, is connected via the twist (3.19) to a representation of the undeformed
generators Sa0 .
We use a two-parameter family of Heisenberg canonical pairs,
D(ξ)x = e
−ξ∂x ∂ξx, X
ξ,α = (1 + e−ξ∂x)−α eξ∂xxeξ∂x(1 + e−ξ∂x)α, [D(ξ)x ,X
ξ,α] = 1, (4.13)
and show that the representation of Sa0,ℓ induced by the one of S
a
ξ,ℓ (with the a = − compo-
nent generating translations in x) is given by (4.1) with the pair (y, ∂y) replaced by the pair
(X(ξ,2ℓ−1),D
(ξ)
x ).
Indeed, inverting the first relation of (3.19) we have
S−0,ℓ =
1
2ξ
(
1− e−2ξS
−
ξ,ℓ
)
= D(ξ)x ,
√
1− 2ξS−0,ℓ = e
−ξ∂x (4.14)
The second relation in (3.19) can be written as
S00,ℓ =
(
S0ξ,ℓ +
ξ
2
D(ξ)x e
ξ∂x
)
eξ∂x .
Substituting the representation (4.3) we obtain as an intermediate form
S00,ℓ =
1
2
(
X(ξ,0)D(ξ)x +D
(ξ)
x X
(ξ,0)
)
+ (ℓ−
1
2
)eξ∂x .
Now we substitute
X(ξ,0) = X(ξ,α) −
αξe2ξ∂x
1 + eξ∂x
, (4.15)
and obtain for α = 2ℓ− 1
S00,ℓ =
1
2
(
X(ξ,2ℓ−1)D(ξ)x +D
(ξ)
x X
(ξ,2ℓ−1)
)
+ ℓ−
1
2
. (4.16)
The third relation in (3.19) leads to
S+0,ℓ = S
+
ξ,ℓe
ξ∂x − 2ξ[
1
2
(
X(ξ,2ℓ−1)D(ξ)x +D
(ξ)
x X
(ξ,2ℓ−1)
)
+ (ℓ−
1
2
)]·
[
1
2
(
X(ξ,2ℓ−1)D(ξ)x +D
(ξ)
x X
(ξ,2ℓ−1)
)
+ ℓ].
We substitute (4.3) and show that the remainder in
S+0,ℓ = −X
(ξ,2ℓ−1)D(ξ)x X
(ξ,2ℓ−1) − (2ℓ− 1)X(ξ,2ℓ−1) + (S+0,ℓ)r (4.17)
vanishes, (S+0,ℓ)r = 0.
The undeformed generators are represented now by rather involved difference operators
in (x, ∂x) and they depend now on the deformation parameter ξ. The basis polynomials of
the representation ℓ of the undeformed algebra, being simple monomials in y, become now
more involved polynomials in x,
φ
(m)
x,ℓ (x) = φ
(m)
x,ℓ (X
(ξ,2ℓ−1)) · 1 = 2−(2ℓ−1)m
m∏
k=1
(x+ (ℓ−
1
2
+ 2k − 1)ξ). (4.18)
The original form of the undeformed representations (4.1) will be referred to as the y picture
whereas the induced form (4.14, 4.16, 4.17) will be called x picture.
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5 Polynomial representations of tensor products
5.1 Undeformed tensor product
For comparison we recall the undeformed case, where ∆0(S
a
0 ) = S
a
0,1+S
a
0,2 = S
a
0,12 and where
the lowest weight states of the irreducible representations appearing in the tensor product
of representations ℓ1 and ℓ2 are represented by the solutions of
S−0,12φ
(0)
12,ℓ1,ℓ2,n
= 0, S0012φ
(0)
12,ℓ1,ℓ2,n
= (ℓ1 + ℓ2 + n) φ
(0)
12,ℓ1,ℓ2,n
. (5.1)
We shall usually suppress the labels ℓ1, ℓ2.
In the (y, ∂y) picture (4.1) we see, that φ
(0)
12,n depends on the difference y1−y2 = y12 only
and that
φ
(0)
12,n(y1, y2) = y
n
12. (5.2)
The states of an irreducible representation with weight ℓ = ℓ1 + ℓ2 + n are generated as
φ
(m)
12,n(y1, y2) = (S
+
0,12)
m φ
(0)
12,n(y1, y2). (5.3)
The same undeformed representation can also be described in the (x, ∂x) picture (4.14,
4.16, 4.17). The polynomial φ
(m)
x,12,n(x1, x2) is obtained from the above one by substituting
in the decomposition of (5.3) in the monomials ym11 y
m2
2 , according to (4.18),
ymii → 2
−(2ℓi−1)mi
mi∏
k=1
(xi + (ℓi −
1
2
+ 2k − 1)ξ). (5.4)
In particular the lowest weight polynomials do not depend on the difference x12 only.
5.2 Deformed tensor product
The generators Saξ,12 acting on V
ℓ1
1 ⊗ V
ℓ2
2 are given by (2.9, 4.3) and the conditions on the
polynomials representing the lowest weight states of the irreducible representations appear-
ing in the deformed tensor product are
S−ξ,12ϕ
(0)
12,ℓ1,ℓ2,n
= 0, S0ξ,12 ϕ
(0)
12,ℓ1,ℓ2,n
= (ℓ1 + ℓ2 + n) ϕ
(0)
12,ℓ1,ℓ2,n
. (5.5)
The labels ℓ1, ℓ2 will be suppressed. Since S
−
ξ,12 = ∂x1 + ∂x2 we see that here again the
dependence is on the difference x1−x2 = x12 only. Using this fact the second condition can
be written in the form
[∂ξx1x12 + ℓ1 + ℓ2 − 1]e
−ξ∂x1 ϕ
(0)
12,n(x12) = (ℓ1 + ℓ2 + n) ϕ
(0)
12,n(x12).
We shall solve this eigenvalue equation by expressing the involved operator in terms of the
canonical Heisenberg pair (4.13). We abrreviate x12 by x and then the latter equation can
be written as
[D(−ξ)x X
(−ξ,0 + (e−ξ∂x − 1)(ℓ1 + ℓ2 − 1)] ϕ
(0)
12,n = (n+ 1) ϕ
(0)
12,n.
We notice that
eξ∂x − 1 = −2ξD(−ξ)x
e−2ξ∂x
1 + eξ∂x
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and use also (4.15) with ξ replaced by −ξ and α by 2(ℓ1 + ℓ2 − 1) to obtain the eigenvalue
equation in the form
D(−ξ)x X
(−ξ,2(ℓ1+ℓ2−1)) ϕ
(0)
12,n = (n+ 1)ϕ
(0)
12,n (5.6)
In the (X(−ξ,2(ℓ1+ℓ2−1)),D(−ξ)) picture the eigenfunctions are just
ϕ˜
(0)
12,n = (X
(−ξ,2(ℓ1+ℓ2−1)))n
with n all non-negative integers. Returning to the (x, ∂x) picture we obtain the polynomials
representing the lowest weight states in the ξ deformed tensor product of representations
with conformal weights ℓ1, ℓ2 as
ϕ
(0)
12,n = (X
(−ξ,2(ℓ1+ℓ2−1)))n · 1|x=x12 =
2−(2(ℓ1+ℓ2−1)n
n∏
k=1
(x12 − ξ(ℓ1 + ℓ2 − 1 + 2k − 1)). (5.7)
Actually we have just solved a non-trivial difference equation. The eigenvalue condition
(5.5) with S0ξ,12 acting on functions of x = x12 reads
x
2ξ
[ϕn(x)−ϕn(x− 2ξ)] + (ℓ1 + ℓ2)ϕn(x− ξ) +
1
2
[ϕn(x) +ϕn(x− 2ξ)− 2ϕn(x− ξ)] = (5.8)
= (ℓ1 + ℓ2 + n)ϕn(x),
We shall denote the left-hand side by S˜0ξ,xϕn.
By representing the function by a Fourier integral one can deduce similar to the one-point
case (8.12) an expression of these polynomials
ϕn(x) = cn
∫
dke
ik(x
ξ
+1−ℓ1−ℓ2−n)(sin k)−ℓ1−ℓ2−n
(
cos k2
sin k2
)1−ℓ1−ℓ2
.
and derive from it recursive relations like
(1− n− ℓ1 − ℓ2)ϕn(x)− (1− ℓ1 − ℓ2)ϕn(x− ξ) =
cn
cn−1
i(1 −
x
ξ
)ϕn−1(x− ξ),
and
ϕn(x)− ϕn(x− 2ξ) = 2i
cn
cn−1
ϕn−1(x− 2ξ). (5.9)
The explicite expression obtained obove (5.7) obeys indeed these relations with the coeffi-
cients related as
cn = −incn−1.
The difference equation (5.8) can be solved directly, starting from the special case ℓ1 +
ℓ2 = 1 where it simplifies to
(
x
ξ
− 1)
1
2
[ϕn(x)− ϕn(x− 2ξ)] = nϕn(x).
and leads to the solution (5.7) for this particular case. We summarize this solution for all n
into the generating function
G
(+1)
2 (x, τ) =
∞∑
n=0
τnϕn(x) = (1 + 2τξ)
x−ξ
2ξ .
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The equation (5.5) in the general case is obtained from this special one by similarity trans-
formation with (1 + eξ∂x)−2(ℓ1+ℓ2−1). This allows to recover the above result (5.7) and also
to represent the general case lowest weight polynomials by the following generating function
G
(ℓ1+ℓ2)
2 (x, τ) = (1 + e
ξ∂x)−2(ℓ1+ℓ2−1)(1+ 2τξ)
x−ξ
2ξ = (1+ 2τξ)
x−ξ
2ξ (1 +
√
1 + 2τξ)−2(ℓ1+ℓ2−1).
(5.10)
6 The universal R operator
6.1 The spectral form
According to (2.16) the universal R operator R
(ξ)
12,ℓ1,ℓ2
(u) maps the irreducible representation
ℓ = ℓ1 + ℓ2 + n in the tensor product V
ℓ1
1 ⊗ V
ℓ2
2 constructed according to ∆ξ into the
corresponding one of ∆¯ξ = ∆−ξ and vice versa. In particular the symmetry relations (3.2)
guarrantee that the basis functions are mapped into each other. This is expressed by the
following generalized eigenvalue relations,
R
(ξ)
12,ℓ1,ℓ2
(u) ϕ
(ξ),(m)
12,n (x1, x2) = ρℓ1,ℓ2,n ϕ
(−ξ),(m)
12,n (x1, x2),
R
(ξ)
12,ℓ1,ℓ2
(u) ϕ
(−ξ),(m)
12,n (x1, x2) = ρ¯ℓ1,ℓ2,n ϕ
(ξ),(m)
12,n (x1, x2). (6.1)
By symmetry the eigenvalues ρℓ1,ℓ2,n do not depend on the level m. We have pointed out
above that R
(ξ)
12 can be made symmetric in ξ ↔ −ξ by a similarity transformation. This
implies that the eigenvalues do not depend on the sign of ξ, therefore
ρℓ1,ℓ2,n = ρ¯ℓ1,ℓ2,n.
We check now that the above eigenvalue relations are compatible with the defining conditions
of the universal R operator if applied to the lowest weight basis polynomials (m = 0). It is
sufficient to consider the conditions (3.23) resticted to the upper right (12) element in the
2× 2 matrices,
R
(ξ)
12,ℓ1,ℓ2
(u)K12L (u) ϕ
(−ξ),(m)
12,n (x1, x2) = K
12
R (u) R
(ξ)
12,ℓ1,ℓ2
(u)ϕ
(−ξ),(m)
12,n (x1, x2) (6.2)
We consider the action of K12L/R(u) as difference operators on functions of x12 = x,
2ξKL/Rϕ(x) = ±
x
2ξ
[2ϕ(x) − ϕ(x+ 2ξ)− ϕ(x− 2ξ)]
±(1− ℓ1 − ℓ2)[ϕ(x+ ξ)− ϕ(x− ξ)]
∓
1
2
[ϕ(x + 2ξ)− ϕ(x− 2ξ)] ± u[ϕ(x∓ 2ξ)− ϕ(x)] (6.3)
We compare with the action of the generator S0ξ,12 as a difference operator on functions of
x12 = x (5.8) and use the notation S˜
0
±ξ,xϕ(x) introduced there,
2ξK12L/R(u)ϕ(x) = (S˜
0
∓ξ,x ± u) (ϕ(x∓ 2ξ)− ϕ(x)) . (6.4)
We know that ϕ
(±ξ),(0)
12,n (x) are eigenfunctions of S˜
0
±ξ12 with eigenvalue ℓ1 + ℓ2 + n. We use
also the iterative relation (5.9) to obtain
2ξK12L/R(u) ϕ
(∓ξ),(0)
12,n (x) = ∓2n (ℓ1 + ℓ2 + n± u) ϕ
(∓ξ),(0)
12,n (x). (6.5)
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We use now the latter result and the eigenvalue relations (6.1) to evaluate both sides of
(6.2) and obtain
− (ℓ1 + ℓ2 + n+ u)ρℓ1,ℓ2,n−1 ϕ
(−ξ),(0)
12,n−1 (x) = (ℓ1 + ℓ2 + n− u)ρℓ1,ℓ2,nϕ
(−ξ),(0)
12,n−1 (x). (6.6)
This proves the compatibility of the eigenvalue relations with the defining conditions of the
universal R operator and results in the iterative relation for the eigenvalues with the solution
ρℓ1,ℓ2,n = const(−1)
nΓ(ℓ1 + ℓ2 + n+ u+ 1)Γ(ℓ1 + ℓ2 − u)
Γ(ℓ1 + ℓ2 + u)Γ(ℓ1 + ℓ2 + n+ 1− u)
. (6.7)
The eigenvalues do not depend on the deformation parameter ξ and coincide with the unde-
formed ones. This is expected from the twist relation between the deformed and undeformed
universal R operators to be considered now. We compare the eigenvalue relations (6.1) with
the one for the undeformed universal R operator,
R
(0)
12,ℓ1,ℓ2
(u) φ
(m)
12,n = ρ
0
ℓ1,ℓ2,n φ
(m)
12,n. (6.8)
We specify the twist relation (2.15) to the considered generic representations V ℓ11 ⊗ V
ℓ2
2 ,
R
(ξ)
12,ℓ1,ℓ2
(u) = F ℓ2,ℓ1ξ,21 R
(0)
12,ℓ1,ℓ2
(u) (F ℓ1,ℓ2ξ,12 )
−1 (6.9)
writing the twist element (2.17) in the appropriate representations explicitely as operators
on functions of x1, x2,
F ℓ1,ℓ2ξ,12 = exp(S
0
0,1 σξ,2) = exp(ξS
0
0,x1 ∂x2), (6.10)
where
σξ,2 = − ln(1− 2ξS
−
0,x2
) = ξ∂x2 ,
S00,x1 =
1
2
(
X
(−ξ,2ℓ1−1)
1 D
(−ξ)
x1 +D
(−ξ)
x1 X
(−ξ,2ℓ1−1)
1
)
+ ℓ1 −
1
2
.
The comparison of the eigenvalue relations (6.1, 6.8) with repect to the twist relation implies
the non-deformation of the eigenvalues, ρℓ1,ℓ2,n = ρ
0
ℓ1,ℓ2,n
, and the following relation of the
basis polynomials of the deformed and induced undeformed representations,
φ
(m)
12,n(x1, x2) = (F
ℓ1,ℓ2
ξ12 )
−1ϕ
(ξ),(m)
12,n (x1, x2) =: ϕ
(ξ),(m)
12,n (x1, x2 − S
0
0,x1) : ·1 (6.11)
The last expression is to be understood from the expansion of the polynomial in powers of
x1 and x2, ordering in each term the operators S
0
0,x1 to the left from any power of x1 and
acting with the resulting operator on the constant 1.
Above we have given an explicite expression for the polynomials representing the highest
weights in the deformed tensor product (5.7) and a rule for the computation of the basis
polynomials of the undeformed tensor product in the induced picture (5.4). The relation
between these series of polynomials is quite non-trivial; a direct check has been done for
some lowest order polynomials only.
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6.2 The integral form at small ξ
In the polynomial representation considered the universal R operator acts on functions of
two variables. We would like to represent this action in integral form,
R
(ξ)
12,ℓ1,ℓ2
(u) ϕ(x1, x2) =
∫
dx1′dx2′R
(ξ)
ℓ1,ℓ2
(u;x1, x2;x1′ , x2′) ϕ(x1′ , x2′). (6.12)
We assume that both integrations go along closed contours in order to have simple integra-
tions by part.
QYBE in the representastion of generic ℓ1, ℓ2 and ℓ3 = −
1
2 which serves as the defining
conditions for the universal R operator with the known Lax operators implies now conditions
on the kernel R. We specify to the form with symmetry in ξ ↔ −ξ and write down the Lax
matrix (3.27)
L
(ξ)sym
i,ℓi
(u) = L
(ξ)sym
i,ℓi
+ u(ch(ξ∂i)I + (u+ 1)σˆ
−sh(ξ∂i)),
L
(ξ)sym
i,ℓi
=
1
2
ch(ξS−ξ,i,ℓi)I +
(
S0ξ,i,ℓi
1
ξ sh(ξS
−
ξ,i,ℓi
)
S+ξ,i,ℓi −S
0
ξ,i
)
, (6.13)
and also its transposition, appearing by partial integration with respect to xi,
(L
(ξ)sym
i (u))
T = −L
(ξ)sym
i,ℓTi
+ (u+ 1)(ch(ξ∂i)I − uσˆ
−sh(ξ∂i)), (6.14)
Notice that T does not transpose the 2 × 2 matrix and that ℓTi = 1 − ℓi. We keep in mind
that the generators in Li,ℓi are operators acting on xi in the representation ℓi. We suppress
the representation label adopting the convention ℓi′ = 1− ℓi, 1 = 1, 2. In these notations the
defining condition for the kernel reads,[
[L
(ξ)sym
2 + v(ch(ξ∂2)I + (v + 1)σˆ
−sh(ξ∂2))]
[L
(ξ)sym
1 + (u+ v)(ch(ξ∂1)I + (u+ v + 1)σˆ
−sh(ξ∂1)]
−[L
(ξ)sym
1′ − (u+ v + 1)(ch(ξ∂1′)I − (u+ v)σˆ
−sh(ξ∂1′)]
[L
(ξ)sym
2′ − (v + 1)(ch(ξ∂2′)I − vσˆ
−sh(ξ∂2′)]
]
R
(ξ)
ℓ1,ℓ2
(u;x1, x2;x1′ , x2′) = 0 (6.15)
From this matrix condition we obtain two conditions projecting(
AˆR BˆR
CˆR DˆR
)
= 0
by multiplication from the left by the row (xl, 1) and from the right by the column (1,−xr)
T .
In the first case we put xl = x2 and xr = x2′ , in the second case xl = x1 and xr = x1′ after
the differential operations are done, i.e. we understand that the operators Aˆ, Bˆ, Cˆ, Dˆ act
on R only. In this way we obtain the defining relations for the kernel of the universal R
operator (
x2Aˆ+ Cˆ − x2x2′Bˆ + x2′Dˆ
)
R
(ξ)
ℓ1,ℓ2
(u;x1, x2;x1′ , x2′) = 0, (6.16)(
x1′Aˆ+ Cˆ − x1′x1Bˆ + x1Dˆ
)
R
(ξ)
ℓ1,ℓ2
(u;x1, x2;x1′ , x2′) = 0.
The operator matrix in (6.15) is symmetric under the simultaneous exchange
1↔ 2′, 2↔ 1′, v ↔ −1− u− v (6.17)
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and by this crossing symmetry the latter two conditions are transformed into each other.
We are going to solve the conditions (6.16) perturbatively in ξ up to the second order.
There is no first order contribution,
R(ξ)sym(ℓ1,ℓ2) = R[0]ℓ1,ℓ2 + ξ2R[2]ℓ1,ℓ2 +O(ξ4), (6.18)
since Aˆ, Bˆ, Cˆ, Dˆ are symmetric in ξ. The kernel of the original non-symmetric operator is
calculated from the symmetric one by
R(ξ)(ℓ1,ℓ2)(x1, x2;x1′ , x2′) = e
−uξ(∂1+∂1′ ) R(ξ)sym(ℓ1,ℓ2)(x1, x2;x1′ , x2′). (6.19)
The first condition (6.16) at order ξ0 reads
(v +
1
2
− ℓ2)[x2′1x12∂1 − (u+ v +
1
2
+ ℓ1)x12 − (u+ v +
1
2
− ℓ1)x2′1]R
[0]
+(v −
1
2
+ ℓ2)[x1′2x1′2′∂1′ − (u+ v +
3
2
− ℓ1)x1′2′ − (u+ v −
1
2
+ ℓ1)x21′ ]R
[0] = 0. (6.20)
v appears here as a free parameter. The implication for v = ℓ2 −
1
2 is
∂1
(
xu+1+ℓ1−ℓ22′1
xu+1−ℓ1−ℓ212
)
R[0] = 0 (6.21)
and for v = 12 − ℓ2
∂1′
(
xu+1+ℓ2−ℓ121′
xu−1+ℓ1+ℓ21′2′
)
R[0] = 0 (6.22)
The two implications can be expressed together as
∂a
(
xu+1+ℓ1−ℓ22′1 x
u+1+ℓ2−ℓ1
21′
xu+1−ℓ1−ℓ212 x
u−1+ℓ1+ℓ2
1′2′
)
R[0] = 0 (6.23)
for a = 1, 1′ The second condition in (6.16) implies in order ξ0 the analogous condition for
a = 2, 2′ which is clear from the mentioned crossing symmetry (6.17). In this way we recover
the result for the kernel of the undeformed sl(s) symmetric universal R operator.
R[0](u) = c(u)
xu−ℓ1−ℓ2+112 x
u+ℓ1+ℓ2−1
1′2′
xu+1+ℓ1−ℓ22′1 x
u+1−ℓ1+ℓ2
21′
. (6.24)
The first condition in (6.16) at order ξ2 reads
(v +
1
2
− ℓ2)[x2′1x12∂1 − (u+ v +
1
2
+ ℓ1)x12 − (u+ v +
1
2
− ℓ1)x2′1]R
[2](u)+
+(v + ℓ2 −
1
2
)[x1′2′x21′∂1′ − (u+ v +
3
2
+ ℓ1)x1′2′ − (u+ v +
1
2
− ℓ1)x21′ ]R
[2](u)+
+(v +
1
2
− ℓ2)[
1
6
x12∂
3
1x2′1 −
1
2
(u+ v)∂21(x12 + x2′1) + (u+ v)(u+ v + 1)∂1]R
[0](u)+
+(v+ℓ2−
1
2
)[
1
6
x21′∂
3
1′x1′2′−
1
2
(u+v+1)∂21′(x1′2′+x21′)+(u+v)(u+v+1)∂1′ ]R
[0](u)+ (6.25)
v
2
∂22 [x2′1x12∂1 − (u+ v +
1
2
+ ℓ1)x12 − (u+ v +
1
2
− ℓ1)x2′1]R
[0](u)+
18
+
v
2
∂22 [x1′2′x21′∂1′ − (u+ v +
3
2
− ℓ1)x1′2′ − (u+ v + ℓ1 −
1
2
)x21′ ]R
[0](u)+
+v2∂2[u+ v +
1
2
+ ℓ1 − x2′1∂1]R
[0](u) + v2∂2′ [u+ v +
3
2
− ℓ1 − x21′∂1′ ]R
[0](u) = 0.
The second condition in (6.16) leads to the analogous implication obtained from the latter
by symmetry (6.17). By choosing v = ±(12 − ℓ2) and using the result for R
[0](u) we obtain
four differential equations for the function R(2)(u), which can be written together in the
form
∂a[R
[2](u)/R[0](u)] =
=∂a
[
1
12
(u+1+ℓ1−ℓ2)(u+2+ℓ1−ℓ2)(2u−ℓ1+ℓ2)
1
x22′1
+
2ℓ1 − 1
4
(u+ℓ1+ℓ2 − 1)(u+1−ℓ1+ℓ2)
1
x21′x1′2′
−
−
1
12
(u−ℓ1−ℓ2+1)(u−ℓ1−ℓ2)(2u+1+ℓ1+ℓ2)
1
x212
−
2ℓ1 − 1
4
(u+1−ℓ1−ℓ2)(u+1+ℓ1−ℓ2)
1
x12x2′1
− (6.26)
−
1
12
(u+1−ℓ1−ℓ2)(u−ℓ1− ℓ2)(2u+1+ℓ1+ ℓ2)
1
x212
−
2ℓ2 − 1
4
(u−ℓ1−ℓ2+1)(u+1−ℓ1+ℓ2)
1
x12x21′
−
1
12
(u+1−ℓ1+ℓ2)(u+2−ℓ1+ℓ2)(2u+ℓ1−ℓ2)
1
x221′
+
2ℓ2 − 1
4
(u+ℓ1+ ℓ2−1)(u+1+ℓ1−ℓ2)
1
x2′1x1′2′
−
1
12
(u+ℓ1+ℓ2 − 1)(u−2+ℓ1+ℓ2)(2u+ 3−ℓ1−ℓ2)
1
x21′2′
−
2ℓ2 − 1
4
(u−ℓ1−ℓ2 + 1)(u+1−ℓ1+ ℓ2)
1
x12x21′
]
,
The index a labels the derivatives with respect to the points x1, x2, x1′ , x2′ . The ratio of the
second order correction to the undeformed kernel is equal to the square bracket on the right
hand side up to a constant. This constant can be absorbed by an unessential ξ2 correction
to c(u) in (6.24). As the result up to the order ξ2 the integral kernel of Rsym has form:
R(ξ)sym(ℓ1,ℓ2)(u) = euξ(∂1+∂1′ )R(ξ)(ℓ1,ℓ2)(u) =
R(0)(ℓ1,ℓ2)(u)
[
1−
ξ2
12
[(2u + 1 + ℓ1 + ℓ2)a11 − (2u+ ℓ1 − ℓ2)a22
+(2u+ 3− ℓ1 − ℓ2)a33 − (2u+ ℓ2 − ℓ1)a44]
−
ξ2
4
[(2ℓ1 − 1)(a14 − a23) + (2ℓ2 − 1)(a12 − a34)] +O(ξ
2)
]
, (6.27)
here we have introduced the notations
a11 =
(u+ 1− ℓ1 − ℓ2)(u− ℓ1 − ℓ2)
x212
, a22 =
(u+ 1 + ℓ2 − ℓ1)(u+ 2 + ℓ2 − ℓ1)
x221′
,
a33 =
(u+ ℓ1 + ℓ2 − 1)(u − 2 + ℓ1 + ℓ2)
x21′2′
, a44 =
(u+ 1 + ℓ1 − ℓ2)(u+ 2 + ℓ1 − ℓ2)
x22′1
,
a12 =
(u+ 1− ℓ1 − ℓ2)(u+ 1 + ℓ2 − ℓ1)
x12x21′
, a13 =
(u+ 1− ℓ1 − ℓ2)(u− 1 + ℓ1 + ℓ2)
x12x1′2′
,
a14 =
(u+ 1− ℓ1 − ℓ2)(u+ 1 + ℓ1 − ℓ2)
x12x2′1
, a23 =
(u+ 1 + ℓ2 − ℓ1)(u+ ℓ1 + ℓ2 − 1)
x21′x1′2′
,
a24 =
(u+ 1 + ℓ2 − ℓ1)(u+ 1 + ℓ1 − ℓ2)
x21′x2′1
, a34 =
(u− 1 + ℓ1 + ℓ2)(u+ 1 + ℓ1 − ℓ2)
x1′2′x2′1
.
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7 Summary
Our study relies on the known algebraic structure of the ξ deformation of the sl(2) Yangian
as reviewed in Sect. 2. We have obtained the known fundamental representation R operator
and the Lax operator both from the symmetry condition and from the Drinfeld twist trans-
formation. We have written the Lax operator in two forms, one in terms of the deformed
generators and one in terms of the undeformed generators. Therefrom we have established
the relation of between the deformed and undeformed generators.
The defining condition of the universal R operator following from QYBE in the spirit of
[13] has been formulated.
The structure of representations by polynomials in one variable and of the tensor prod-
uct representations by polynomials in two variables has been investigated. We have written
the deformed and undeformed generators in terms of several Heisenberg canonical pairs, the
original one (y, ∂) and further ones expressed as non-trivial tranformations of the former.
The particular form of deformed generators, where S− is the infinitesimal translation ∂, is
preferred in view of possible physical applications where momentum conservation is impor-
tant. Then the twist relations between the deformed and undeformed generators induce a
quite involved expression of the latter in terms of the original pair (x, ∂).
The basis polynomials of the deformed representation and also the undeformed repre-
sentation polynomials in the non-trivial induced form have been constructed. The resulting
expressions involve products of the variable x displaced by subsequent units of the defor-
mation paramenter ξ. Also the polynomials of x1, x2 representing the lowest weight states
of the irreducible representations in the tensor products have been calculated. They have
been expressed in terms of products of the difference x12 with displacements depending on
the representations ℓ1, ℓ2 and increasing in units of ξ and also summed up into a generating
function.
With the explicite lowest weight polynomials we have studied the defining condition of
the universal R operator writing the operators involved in terms of (x, ∂). The resulting
recurrence relation confirms the known fact that the eigenvalues of the R operator coincide
with the ones of the undeformed R operator, as expected from the relation between them
by the twist transformation. This transformation implies also a non-trivial relation between
the series of polynomials in two variables representing the deformed tensor products and the
induced form of the undeformed tensor products.
Finally the universal R operator in integral form has been considered. The defining
conditions on the integral kernel have been solved perturbatively in ξ up to the first non-
trivial order ξ2 applying the projection method of [10].
We have treated the Jordanian deformation of the sl(2) bi-algebra structure in view of
physical applications where the undeformed sl(2) represents infinitesimal conformal tran-
formations with the dimensions of the representation being in general infinite. We have
worked out these representations in terms of polynomial (wave) functions, generators and
Lax operators in terms of differential operators and the universal R operator in spectral and
integral forms in close analogy to the previously studied cases of supersymmetric extension
(sl(2|1)) or standard q deformation of the sl(2) bi-algebra structure. It will be interesting
to study applications to integrable systems with conformal symmetry broken in such a way
that translation symmetry is preserved.
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8 Appendices
8.1 Appendix A
We show that the deformed commutation relations follow from the relations (3.19) of the
deformed and undeformed generators. The following commutators with functions of S−0 are
useful,
[S00 , f(S
−
0 )] = −α∂αf(α)|α=S−
0
, (8.1)
[S+0 , f(S
−
0 )] = 2∂αf(α) S
0
0 − α∂
2
αf(α)|α=S−
0
, (8.2)
[S00(S
0
0 +
1
2
), f(S−0 )] = −2α∂αf(α) S
0
0 + (α
2∂2α +
1
2
α∂α)f(α)|α=S−
0
, (8.3)
They imply in particular,
[S+0 + 2ξS
0
0(S
0
0 +
1
2
)]
√
1− 2ξS−0 =
√
1− 2ξS−0 [S
+
0 + 2ξS
0
0(S
0
0 −
1
2
)] (8.4)
[
S00 ,
√
1− 2ξS−0
]
=
ξS−0√
1− 2ξS−0
(8.5)
Let us check first the relation
[S0ξ , S
−
ξ ] = −
1
ξ
sh(ξS−ξ ) (8.6)
We substitute the expessions in terms of the undeformed generators (3.19). The right-hand
side is equal to −S−0 (1 − 2ξS
−
0 )
− 1
2 . The commutator on the left-hand side is calculated by
using (8.1) and the result is easily seen to coincide with the one for the right-hand side.
Let us check now the relation
[S+ξ , S
−
ξ ] =
1
2
{ch(ξS−ξ ), S
+
ξ } (8.7)
We write the right-hand side in terms of the undeformed generators and apply (8.4),
1
4

 1√
1− 2ξS−0
+
√
1− 2ξS−0

 [S+0 + 2ξS00(S00 + 12)]
√
1− 2ξS−0 +
1
4
[S+0 + 2ξS
0
0(S
0
0 +
1
2
)]
√
1− 2ξS−0

 1√
1− 2ξS−0
+
√
1− 2ξS−0

 =
1− ξS−0
2
[S+0 + 2ξS
0
0(S
0
0 −
1
2
)] + [S+0 + 2ξS
0
0(S
0
0 +
1
2
)]
1− ξS−0
2
=
S+0 + ξ
(
2(S00)
2 −
1
2
(S+0 S
−
0 + S
−
0 S
+
0 )
)
− ξ2
(
S−0 (S
0
0)
2 + (S00)
2S−0 −
1
2
S−0
)
.
We write also the left-hand side in terms of the undeformed generators and apply (8.4, 8.5),
−
1
2
ξS−0 [S
+
0 + 2ξS
0
0(S
0
0 −
1
2
)] + S00(1− 2ξS
−
0 )[S
+
0 + 2ξS
0
0(S
0
0 −
1
2
)]+
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[S+0 + 2ξS
0
0(S
0
0 +
1
2
)]
1
2
ξS−0 − [S
+
0 + 2ξS
0
0(S
0
0 +
1
2
)](S00 + ξS
−
0 (1− 2S
0
0)) =
S00S
+
0 −S
+
0 S
0
0+ξ[−
1
2
S−0 S
+
0 +2(S
0
0)
2(S00−
1
2
)−2S00S
−
0 S
+
0 +
1
2
S+0 S
−
0 −2(S
0
0)
2(S00+
1
2
))−S+0 S
−
0 (1−2S
0
0)]+
ξ2[−S−0 S
0
0(S
0
0 −
1
2
)− 4S00S
−
0 S
0
0(S
0
0 −
1
2
) + S00(S
0
0 +
1
2
)S−0 − S
0
0(1 + 2S
0
0)S
−
0 (1− 2S
0
0)]
Now it is easy to check that the coefficients of ξ2, ξ1, ξ0 of both sides are equal. The right
hand side of the third commutator is equal to
−
ξS−0√
1− 2ξS−0
+ 2S00
√
1− 2ξS−0
The commutator on the left-hand side is
−
1
2ξ
[S+0 + 2ξS
0
0(S
0
0 +
1
2
), ln(1− 2ξS−0 )]
√
1− 2ξS−0
We apply (8.2, 8.3). Then it is easy to see that the result is equal to the right hand side.
8.2 Appendix B
We list the operator valued matrix elements of KL(u) and KR(u) introduced in (3.23).
ξK11L = (
1
2
chξS−ξ,1 + S
0
ξ,1)(
1
2
chξS−ξ,2 + S
0
ξ,2) +
1
ξ
shξS−ξ,1S
+
ξ,2+
+
u
2
(
e−ξS
−
ξ,1(
1
2
chξS−ξ,2 + S
0
ξ,2)− (
1
2
chξS−ξ,1 + S
0
ξ,1)e
−ξS−
ξ,2 + shξS−ξ,1(2S
0
ξ,2 + shξS
−
ξ,2)
)
,
ξK12L =
u
2
(
e−ξS
−
ξ,1shξS−ξ,2 − shξS
−
ξ,1e
ξS−
ξ,2
)
+(
1
2
chξS−ξ,1+S
0
ξ,1)shξS
−
ξ,2+shξS
−
ξ,1(
1
2
chξS−ξ,2−S
0
ξ,2),
ξK22L = (
1
2
chξS−ξ,1 − S
0
ξ,1)(
1
2
chξS−ξ,2 − S
0
ξ,2) +
1
ξ
shξS−ξ,2S
+
ξ,1+
+
u
2
(
eξS
−
ξ,1(
1
2
chξS−ξ,2 − S
0
ξ,2)− (
1
2
chξS−ξ,1 + Sξ,1
0)eξS
−
ξ,2 + shξS−ξ,2(2S
0
ξ,1 + shξS
−
ξ,1)
)
,
ξK21L = S
+
ξ,1(
1
2
chξS−ξ,2 + S
0
ξ,2) + (
1
2
chξS−ξ,1 − S
0
ξ,1)S
+
ξ,2+
+
u
2
(
ξ(2S0ξ,1 + shξS
−
ξ,1)(
1
2
chξS−ξ,2 + S
0
ξ,2)+e
ξS−
ξ,1S+ξ,2 − e
−ξS−
ξ,2S+ξ,1−ξ(
1
2
chξS−ξ,1 − S
0
ξ,1)(2S
0
ξ,2 + shξS
−
ξ,2)
)
The expressions for the elements of right matrix are similar
ξK11R = (
1
2
chξS−ξ,1 + S
0
ξ,1)(
1
2
chξS−ξ,2 + S
0
ξ,2) +
1
ξ
shξS−ξ,2S
+
ξ,1+
+
u
2
(
e−ξS
−
ξ,1(
1
2
chξS−ξ,2 + S
0
ξ,2)− (
1
2
chξS−ξ,1 + S
0
ξ,1)e
−ξS−
ξ,2 + shξS−ξ,2(2S
0
ξ,1 + shξS
−
ξ,1)
)
,
ξK12R =
u
2
(
eξS
−
ξ,1shξS−ξ,2 − shξS
−
ξ,1e
−ξS−
ξ,2
)
+(
1
2
chξS−ξ,1−S
0
ξ,1)shξS
−
ξ,2+shξS
−
ξ,1(
1
2
chξS−ξ,2+S
0
ξ,2),
ξK22R = (
1
2
chξS−ξ,1 − S
0
ξ,1)(
1
2
chξS−ξ,2 − S
0
ξ,2) +
1
ξ
shξS−ξ,1S
+
ξ,2+
24
+
u
2
(
eξS
−
ξ,1(
1
2
chξS−ξ,2 − S
0
ξ,2)− (
1
2
chξS−ξ,1 + S
0
ξ,1)e
ξS−
ξ,2 + shξS−ξ,1(2S
0
ξ,2 + shξS
−
ξ,2)
)
,
ξK21R = S
+
ξ,1(
1
2
chξS−ξ,2 − S
0
ξ,2) + (
1
2
chξS−ξ,1 + S
0
ξ,1)S
+
ξ,2+
+
u
2
(
ξ(2S0ξ,1 + shξS
−
ξ,1)(
1
2
chξS−ξ,2 − S
0
ξ,2)+e
−ξS−
ξ,1S+ξ,2−e
ξS−
ξ,2S+ξ,1 − ξ(
1
2
chξS−ξ,1 + S
0
ξ,1)(2S
0
ξ,2 + shξS
−
ξ,2)
)
8.3 Appendix C
The eigenvalue condition (4.8) can be written as
1
2
(x∂ξx + x∂
ξ
x)ϕ
(m)(x) = (m+
1
2
)ϕ(m)(x) (8.8)
It is actually independent of ℓ. We calculate the action of the opertor on l.h.s. on products,
1
2
(x∂ξx + x∂
ξ
x)
m1∏
k=−m1
(x+ kξ) = (2m1 +
3
2
)
m1∏
k=−m1
(x+ kξ)
+ξ22m1(m1 +
1
2
)2
m1−1∏
k=−m1+1
(x+ kξ),
1
2
(x∂ξx + x∂
ξ
x)x
m1∏
k=−m1
(x+ kξ) = (2m1 +
5
2
)x
m1∏
k=−m1
(x+ kξ)
+ξ22(m1 + 1)(m1 +
1
2
)2x
m1−1∏
k=−m1+1
(x+ kξ). (8.9)
From these relation we understand that the polynomial eigenfunctions obeying (8.8) are
finite sums of such products,
ϕ(2m1+1)(x) =
m1∑
k=0
a
(m1)
k ξ
2k
m1−k∏
k1=−m1+k
(x+ k1ξ),
ϕ(2m1+2)(x) =
m1+1∑
k=0
b
(m1)
k ξ
2k x
m1−k∏
k1=−m1+k
(x+ k1ξ). (8.10)
Substituting this into (8.8) leads to simple iterative relations for the coefficients with the
solution
a
(m1)
k =
(
m1
k
) (
(2m1 + 1)!!
(2(m1 − k) + 1)!! 2k
)2
,
b
(m1)
k =
(
m1 + 1
k
) (
(2m1 + 1)!!
(2(m1 − k) + 1)!! 2k
)2
. (8.11)
To derive the generating function G1(x, t) (4.12) we write ϕ
(m)
ℓ as a Fourier integral and
ϕ
(m)
ℓ = (XJ)
mϕ
(0)
ℓ as
ϕ(m)(x) =
1
2m
(
x(1 + chξ∂) +
ξ
2
shξ∂
)m ∫
dka0(k)e
ikx. (8.12)
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The Fourier image a0(k) of ϕ0(x) = 1 is given by delta-function δ(k). Now it is convenient
to do the change of variables α = tan(kξ/2),(
x(1 + cos kξ)
d
dk
−
1
2
sin kξ
)n
= (cos(kξ/2))−1(∂/∂α)n cos(kξ/2).
Then the series of the generating function can be summed up using Taylor’s formula
G1(x, t) =
∫
dk
a0(k)
cos kξ/2
∞∑
n=0
1
n!
(
tξ
2i
∂
∂α
)n
eikx cos kξ/2 =
=
∫
dka0(k)
√
1 + α2(k)
(
1 + i(α + tξ2i
1− i(α + tξ2i
)x
ξ (
1 + i(α +
tξ
2i
)− 1
2
= (8.13)
(
1 + tξ2
1− tξ2
)x
ξ (
1 +
tξ
2
)− 1
2
(
1−
tξ
2
)− 1
2
=
(
1 + tξ2
)x
ξ
− 1
2
(
1− tξ2
)x
ξ
+ 1
2
.
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